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Abstract

We introducea new stablemultiple accessprotocol for broadcastchannels
sharedby multiple stations,which we call the incrementalcollision resolution
multipleaccess(ICRMA) protocol.ICRMA dynamicallydividesthechannelinto
cyclesof variablelength;eachcycleconsistsof a contentionperiodanda queue-
transmissionperiod. The queue-transmissionperiodis a variable-lengthtrain of
packets,which aretransmittedby stationsthathave beenaddedto thedistributed
transmissionqueueby successfullycompletinga collision-resolutionroundin a
previous contentionperiod. During the contentionperiod, stationswith one or
morepacketsto sendcompetefor the right to be addedto the data-transmission
queueusinga deterministictree-splittingalgorithm. A singleroundof collision
resolutionis allowedin eachcontentionperiod.Analytical resultsshow thatcolli-
sionresolutionin ICRMA is muchmoreefficient thanDQRAP’s. Simulationand
analyticalresultsshow that ICRMA’s throughputis within

���
of the throughput

achievedby theidealchannelaccessprotocolbasedon a distributedtransmission
queueandincrementalcollision resolution.

I . INTRODUCTION

Manyof themediumaccesscontrol (MAC) protocolsfor wirelessLANs pro-
posedto datearebasedon a collision avoidancedialoguebetweensendersand
receivers,e.g., [1], [2], [4], [6], [9]. A sendersendsa request-to-send(RTS) to
the receiver, who in turn sendsa clear-to-send(CTS) if it receivesthe RTS free
of errors;only thencanthe sendertransmita datapacket.Theseprotocolssolve
collisionsby backingoff and reschedulingRTS transmissions.As with CSMA
protocols,this procedureyieldsgoodresultsif theRTS traffic is low, but is inher-
entlyunstable.As theRTStransmissionrateincreases,theconstantRTScollisions
cancausethechannelto collapse,bringingtheflow of datapacketsto ahalt when
no new datatransmissionqueuescanbestarted.

A way to stabilizethesystemis by increasingtheretransmissiondelays;how-
ever, a moreefficient way canbe devisedby usingcollision resolution. Several
stableMAC protocolshave beenproposedin the pastbasedon tree-splittingal-
gorithmsfor collision resolution(e.g., [5], [7], [12]). Thoseprotocolsin which
datapacketsare usedto resolvecollisions achieve throughputbelow ��� � [14].
Several MAC protocolshave beenproposedthat implementcollision resolution
usingeithercontrolpacketsthataremuchsmallerthandatapackets,or arebased
on theability of thetransmitterto aborttransmissionrapidly afterdetectingcolli-
sion (e.g., [3], [8], [10]). Among thosestableMAC protocolsthatachieve high
throughput,somebuild a separatequeuefor the transmissionof datapackets,in
additionto thestackor queueof thecontrolpacketsusedfor collision resolution.

We introducethe incrementalcollision resolutionmultiple access(ICRMA)
protocol that operateswith a collision-resolutionstackfor control packetsanda
distributedqueuefor datapackets.ICRMA doesnotrequiretimeslottingandmini-
slotsto operatelike prior similar protocolsdid (e.g.,TRAMA [10], DQRAP[15],
andthe announcedarrival protocol [13]) anddoesnot requirebasestationsable
to understandsimultaneoustransmissions(e.g.,TRAMA [10]). ICRMA builds
a distributed transmissionqueuedynamicallyusinga deterministictree-splitting
algorithm.A stationattemptsto join thetransmissionqueueduringcontentionin-
tervalsby sendinganRTSto anyintendedreceiver, whosendsaCTSif thestation
canjoin thequeue.RTSsaresentaccordingto a deterministictree-splittingalgo-
rithm thatresolvesall therequestsfor the queuethatarrive duringthe samecon-
tentioninterval. Accesstimeto thechannelis dividedinto roundsof transmissions
for all membersof the transmissionqueue,which we call a queue-transmission
period,followedby shortcontentionperiodsduringwhich stationsattemptto join
thequeue.Thequeue-transmissionperiodisavariable-lengthtrainof packetsfrom
stationsthathave beenaddedto thetransmissionqueueby successfullycomplet-
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ing a collision-resolutionroundin a previouscontentionperiod. A singlestepof
collision resolution(i.e.,a success,andidle stepor acollision of controlpackets)
is allowedin eachcontentionperiod.Thecontrolpacketsusedin eachcontention
periodaremuchsmallerthandatapackets.

SectionII describesICRMA. Forsimplicity, wefirst describeICRMA in detail
assuminga fully connectednetwork,and thenoutline how to apply ICRMA to
wirelessLANs with hiddenterminals.SectionIII providestheaveragenumberof
stepsrequiredby a deterministictree-splittingalgorithmto resolve� collisions.
We show thatthenumberof collision-resolutionstepsneededin ICRMA is much
smallerthanthecorrespondingnumberof stepsneededin DQRAP[15], which is
oneof thebest-performingMAC protocolsbasedon collisionresolutionproposed
to date. We alsoderive new upperboundson the numberof collision-resolution
stepsneededin ICRMA that are independentof the numberof stationsandare
tighter boundsthan thosereportedby GarcesandGarcia-Luna-Aceves[8]. Us-
ing thesebounds,SectionIV providesa lower boundon the averagethroughput
achievedby ICRMA; analyticalandsimulationresultsshow thatthethroughputin
ICRMA approachesthechannelcapacityaspropagationdelaysandsizeof control
packetsdecreasewith respectto the sizeof datapackets.The analyticalresults
arevery closeto the resultsobtainedby simulation,which validatesthe approx-
imationsmadein our analysis. SectionV comparesthe throughputachieved in
ICRMA with thatachievedwith an idealchannelaccessprotocolbasedon trans-
missionqueuesandperfectcollision resolutionimplementedusingRTS/CTSex-
changes,in which only � successesare neededto resolve � requestsfor the
transmissionqueue.This analysisshows that, for a givensizeof controlpackets
anddatapackets,ICRMA’s throughputis within

���
of theoptimumthroughput.

I I . ICRMA

A. Basic Operation

With ICRMA, thechannelaccesstimeis dividedinto cycles,with eachsuchcy-
cleconsistingof asmall,dynamically-sizedcontentionperiodandadynamically-
sizedqueue-transmissionperiod. Stationsareassumedto monitor thestateof the
channelwhile theyarenot transmitting,andknow thecurrentstateof thechannel.

Thequeue-transmissionperiodconsistsof thecollision-freetransmissionsfrom
thestationswith apositionin thetransmissionqueue.Eachstationallocatedto the
transmissionqueuetransmitsa packetas soonas the packetfrom the previous
stationin thequeueis received. Themaximumspacingbetweenpacketsis twice
thepropagationdelay. A stationwishingtosendoneormorepacketshastoacquire
apositionin thetransmissionqueuebeforetransmittingits datapackets.

Stationscompeteto reservea position in the transmissionqueueduring the
contentionperiodsbetweenqueue-transmissionperiods. Stationsfollow a non-
persistentCSMA strategyfor thetransmissionof RTSswith which theyrequestto
beaddedto thetransmissionqueue.Thesenderof anRTS to anintendeddestina-
tion listensto thechannelfor onemaximumround-triptime plusthetime needed
for thedestinationto sendaCTS.If theCTSis notcorruptedandis receivedwithin
thetime limit, thestationis addedto thetransmissionqueue,startingwith thenext
queue-transmissionperiod.

Thetransmissionqueuecanbeallocatedamaximumsizetoprovidedelayguar-
antees.Oncethetransmissionqueuereachesits maximumlength,stationsarenot
allowedto requestto beaddedto thequeue,until at leastonememberof thequeue
endstransmittingits packetsandleavesthequeue.

AlthougheachstationtransmitsanRTSonly whenit determinesthatthechan-
nel is freeduringa predefinedamountof time in thecontentionperiod,collisions
of RTSsmay still occurdueto propagationdelays. RTSsarevulnerableto col-
lisions for time periodsequalto the propagationdelaysbetweenthe sendersof
RTSs. ICRMA usesa deterministictree-splittingalgorithmto resolvecollisions
of RTSs. A singlestepof this algorithmis takenduringeachcontentionperiod;
a stepin a contentionperiodcanbean idle period,anRTS collision period,or a
successfulRTS/CTSexchange,all of which aremuchshorterthana singledata
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packet.
Oncethe collision-resolutionalgorithmsis startedby the collision of RTSs

from a setof stations,otherstationswho want to be addedto the transmission
queuemustwait for all thestationswho startedthecurrentroundof thecollision
resolutionalgorithmto be addedto the transmissionqueuethrougha successful
RTS/CTSexchange;theyknow whenthisoccursby meansof astackthatis main-
taineddistributedly, which is describedsubsequently. We assumeanon-persistent
policy in which stationswho are not in the transmissionqueueand are not in-
volvedin acollision-resolutionroundmustbackoff for a randomperiodof time if
theyreceive localpacketsto sendandneedto beaddedto thetransmissionqueue.

Basedon its knowledgeof the stateof thetransmissionqueueandthecurrent
stepof thecollision-resolutionalgorithmusedtoaddstationsto thequeue,astation
canbein oneof thefollowing states:	 XMIT: thestationis partof thetransmissionqueue.	 RTS: thestationis trying to acquireapositionin thetransmissionqueueand

is participatingin thecollision-resolutionalgorithm.	 BACKOFF: thestationis waiting for a backoff time to completeasa result
of receiving localpacketsto sendoutsideanaccessperiod.	 REMOTE: thestationis not partof thetransmissionqueueandknowsthata
setof collisionsof requestsfor thequeuearestill beingresolved.	 PASSIVE: the stationis not part of the transmissionqueue,hasno local
packetsto send,andknows that no prior requestsfor the queuearebeing
resolved.

B. Information Maintained and Exchanged

Eachstationis assigneda uniqueidentifier, knows the maximumnumberof
stationsallowedin thenetworkandthemaximumpropagationdelay, andmaintains
astackandtwo variables( 
���
���� and ������� ).
���
���� is initially setto � anddenotesthelowestID numberthatis allowedto
sendanRTS. ������� is thehighestID numberthatis allowedtosendanRTSandis
initially setto thelargestnumberof stationsallowedin thenetwork. 
���
���� and������� constitutethe allowed ID-numberinterval thatcansendRTSs. If the ID
of thestationis not within this interval or thestationhasalreadybeenassignedto
thedatatransmissionqueue,it cannotsendits RTS.Thestackis simply a storage
mechanismfor ID-intervalsthatarewaiting for permissionto sendanRTS.

Eachstationalsomaintainsthe stateof the transmissionqueue,i.e., it knows
themembersin thetransmissionqueue,their positionin thequeue,andthebegin-
ning of eachqueue-transmissionperiod. RTSsandCTSsspecifythe IDs of the
senderandtheintendedreceiver, aswell astheallowedID-numberinterval known
to thesendingstation.IncludingtheallowedID interval in controlpacketsallows
listening stationsto be updatedon the stateof the collision resolution. A data
packetcontains:(a) the userdataanddestinationof the packet;(b) the allowed
ID-numberinterval known to thesendingstation;(c) thestateof thetransmission
queue,suchasthenumberof stationsin thequeueandthepositionof thesending
stationin the queue;and(d) thestateof thetransmissionfor thesendingstation,
suchasthelengthof thecurrentpacket,whetherthestationis leaving thetransmis-
sionqueue,andthelengthof thenext packetif variablelengthpacketsareallowed.
This informationupdateslisteningstationsquickly onthestateof thechannel.

C. Adding Members to the Transmission Queue

Stationscanrequestto be addedto the transmissionqueueonly during con-
tentionperiods.If themaximumlengthof thetransmission-queueis reached,the
contentionstepsareskipped,until spaceis madeavailableby oneor multiple sta-
tions leaving the queue. Stationsare allowed to sendRTSs to be addedto the
transmissionqueueonly duringthefirst few secondsof a contentionperiod.This
time periodis calledtheaccess period andis usedin orderto avoid collisionsof
RTSswith thebeginningof thetransmissionqueue.For thepurposesof analysis,
we assumesubsequentlythat theaccessperiodlasts � seconds,but it is a config-
urableparameter. A contentionperiodconsistsof a singlestepof a deterministic
tree-splittingalgorithmbasedon theallowedID interval, which we describesub-
sequently.

If aPASSIVEstationreceiveslocalpacketsto sendduringanaccessperiod(the
first � secondsof acontentionperiod),it first listensto thechannel.If thechannel
is clear(i.e.,no carrieris detected),thestationenterstheRTSstateby sendingan
RTS.Thesenderthenwaitsandlistensto thechannelfor onemaximumround-trip
time plusthetime neededfor thedestinationto senda CTS.Whenthe originator
receivesthe CTSfrom thedestination,it is addedto the datatransmissionqueue
andentersthe XMIT state;the stationcanstartsendingcollision-freepacketsin
thefollowing queue-transmissionperiod.

On theotherhand,if a PASSIVE stationobtainslocal packetsto sendoutside
anaccessperiod,or receivesthepacketswithin anaccessperiodbut detectscarrier,
it entersthe BACKOFFstate.Thestationthencomputesa randombackoff time
andattemptsto enterthedatatransmissionqueueafterthattime.

If the senderof an RTS doesnot receive the correspondingCTS within the
allocatedtime,thisstationandall otherstationsin thenetworkassumethatacolli-
sionhasoccurred.Thecollision-resolutionalgorithmis startedwith thefirst round
of RTS collisions. As soonas a collision is detected,every stationdivides the
ID-interval ��
���
��������������! into two ID-intervals. Thefirst ID-interval, which
we will call the backoff interval, is ��
���
�������"�#�$&%�'�(*),+.-/%�'0 132 �� , while the

secondID-interval, theallowedID interval, is �4" #�$5%�'�(*),+.-6%�'0 1 �7�������! . Each
stationin thesystemupdatesits stackby executingaPUSH-stackcommand,where
thekeybeingpushedis thebackoff interval. After this is done,thestationupdates
���
���� and ������� with thevaluesfrom theallowedID interval andthe queue-
transmissionperiodfollows. This procedureis repeatedeachtime a collision is
detected.

Hence,astationknowsif collisionsarecurrentlybeingresolvedwhenits local
stackis notemptyandtheallowedID interval doesnotequaltheentireID interval.
A PASSIVEstationthatdetectsacollisionof RTSsgoesto theREMOTE state.A
stationin REMOTE stategoesto PASSIVEstateassoonasit detectsthatits local
stackis emptyandtheallowedID interval is empty. If astationis in REMOTEstate
andobtainsoneor morepacketsto send,it goesimmediatelyto the BACKOFF
state.

Only thosestationsthat are in the RTS stateparticipatein the currentround
of the collision-resolutionalgorithmto be addedto the transmissionqueue. All
stationsin theallowedID-interval thatarein theRTSstatetransmitanRTS in the
nextcontentionperiod.Stationsoutsideof thetransmissionqueuethatdidnotstart
thecurrentroundof collision resolutionareforcedinto REMOTE or BACKOFF
state.

Eachstepof the collision-resolutionalgorithm, and consequentlyeachcon-
tentionperiod,canbeoneof thefollowing threecases:	 Case1–Idle: Thereis no stationin the RTS statewhoseID is within the

allowedID interval. Therefore,thechannelmustremainidle onecollision-
resolutionstepandno new memberis assignedto the transmissionqueue.
An idle stepof collision resolutionlastsa maximumround-triptime; after
thattime,thestackandthevariables
���
���� and ������� areupdated;each
stationexecutesaPOP-stackcommand.Thisnew ID-interval now becomes
thenew ������� and 
���
���� .	 Case2–Success: Thereis a singlestationwith an RTS to sendwhoseID
lies within the allowed ID interval. In this case,a singlestationis ableto
completean RTS/CTShandshakesuccessfully, enterstheXMIT state,and
is addedto thetransmissionqueue.Thedurationof a successfulcollision-
resolutionsteplaststwo RTS lengthsandtwo channelpropagationdelays;
afterthattime, thestackandthevariables
���
���� and ������� areupdated;
eachstationexecutesa POP-stackcommand. This new ID-interval now
becomesthenew ������� and 
���
���� .	 Case3–Collision: Therearetwo or morestationswith RTSsto sendwhose
IDs arewithin theallowedID interval; therefore,eachsuchstationsendsan
RTS creatinga collision. Becausestationsusecarriersensing,a collision
periodcanlastno morethananRTS plusamaximumround-triptime. The
stationsin theallowedID-interval areagainsplit into two new ID-intervals;
thestackandthevariablesfor eachstationareupdated(PUSH-stackcom-
mand).

The tree-splittingalgorithmexecutesa collision resolution(idle, success,or
collision),until no stationremainsin theRTS stateandall requestsfor thequeue
have beenresolved. Again, all stationsknow when the tree-splittingalgorithm
terminatesits currentround, i.e., whenthe backoff stackis emptyandthereare
novaluesin theallowedID interval. Onceterminationis detected,theallowedID
interval is updatedto includeall theID range.

To ensurefairnesswithin the splitting algorithm, the positionof the stations
in the tree(which is equivalentto changingthe ID number)canvary after each
tree-contentionperiod. For example,the ID numbersof the stationscanrotate
cyclically. Eachstationincreasesits ID numberby oneandthelaststationtakes
theID numberof thepreviousfirst station.

D. Deleting Members from the Transmission Queue

Deletionsfrom thetransmissionqueueoccurswhenastationin theXMIT state
endstransmittinga packettrain andgetsout of thequeueto remainquiet. In this
case,a datapacketnotifiesthestationswhenthesendingstationis sendingits last
packetbeforeleaving thequeue.

Deletionsfrom thetransmissionqueuecanalsooccurdueto failures.Failures
canbehandledby listeningto thechannel.A maximuminterval allowedbetween
two consecutivepacketsin thequeuecanbedefinedbasedonthemaximumprop-
agationdelayandprocessingdelays.Becausestationsareatmost � secondsapart
from oneanother, two consecutive packetsin the queuecannotbe separatedby
morethan 8�� secondsplusprocessingdelays(includingtheturn aroundtimesof
theradios),whichwecall maximum queue transmission gap andassumeit lasts 9
seconds.



A stationin thequeuemusttransmitwhenits turncomessothatits transmission
reachesotherstationswithin 9 secondsof theprevious transmission.A “silence
turn” couldoccurin thetransmissionqueueif a stationis not readyto transmita
datapacketwhenits turn comesbut is not readyto leave the queue.Ratherthan
allowing silence: turnsto takeplace,ICRMA requiresastationto transmiteithera
datapacketor ashortcontrolpacketwhenits turncomesin thequeue.Thecontrol
packetcarriesno userdataandis simply usedto convey anupdateof the stateof
thequeueandthecollisionresolutionprocess.

E. Example

The following exampleillustratesthe way in which stationsareaddedto the
transmissionqueue.If ; is thetotal numberof stationsin thesystem,the binary
treeusedfor collision resolutionhas 8�;!<=� nodes.We label theroot of thetree
as ;?> andits right andleft child as ;/@ and ;BA , respectively. Foreachof theother
nodes,thelabelsarecomposedof theparentlabel,plusa � if it is a left childor a �
if it is a right child. Considerthecaseof anetworkwith four stationsandassume
that,at time C�A , station ;/@.@ is theonly stationassignedto thequeue-transmission
periodwith fivedatapacketsto transmitandthelastcyclehasendedandweareat
thebeginningof a new cycle,thatis, in thecontentionperiod.

During theaccessperiod,packetsarrive at stations;DA�@ and ;BA.A . At time C�A ,
a collision of RTSsoccurswith station ;BA.A and ;BA�@ eachsendinganRTS in the
samecontentionperiod,while station ;6@�A andstation ;6@.@ do not requestto be
addedto thedatatransmissionqueue(Step2 in Fig. 1). Station;/@.@ doesnot need
to sendarequest,becauseit is alreadyassignedto thedatatransmissionqueueand
all otherstationsknow that it still hasfive datapacketsto transmit. Let station;BA�@ havethreedatapacketsto sendwhile station;DA.A hasonly onedatapacketto
transmit. At time C�A the first collision of RTSsoccurs,all stationsin the system
noticethe beginningof the resolutionalgorithm,aswell as the beginningof the
contentionperiod. All stationsupdatetheir stacksandtheir 
���
���� aswell as
their ������� values. After at mostan RTS plus a maximumround-triptime has
elapsed,the first queue-transmissionperiodbeginswith station ;6@.@ transmitting
a packet. The durationis the size of the length of the packetplus the channel
delay. In the nextcontentionperiodstations;BA.A and ;BA�@ backoff andwait until
thecollisionsin theallowed-ID interval areresolved(Step3 in Fig. 1). Theyboth
areexcludedfrom sendingRTSs. Stations;6@�A and ;6@.@ areallowed to request
thechannel;anidle contentionperiodoccursbecausestations;6@.@ and ;6@�A donot
wish to be addedto the datatransmissionqueue. After 8�� seconds,all stations
notice that the channelis idle, which meansthat therewere no collisions. All
thestationsin thesystemmustupdatetheir intervalsandthestack.Theyexecute
a POP-stackcommandandthe new allowed interval is �����������4 ; therefore,after;6@.@ transmitsanotherpacket,thenextallowedID interval canproceedto solveits
RTS collisions. Both stations;DA.A and ;BA�@ transmitanRTS controlpacketanda
collisionoccursagain(Step4 in Fig.1). Becauseacollisionoccurred,afteratmost
anRTSplusamaximumround-triptimehaselapsedtheallowedID interval is split
in two. Onceagainthestepin thecontentionis followedby aqueue-transmission
period. Station ;6@.@ is still in thegroupandhastwo morepacketsto send.In the
nextcontentionstep(Step5 in Fig. 1), station ;DA�@ is within the allowedinterval
while the ;BA.A stationmust wait; its interval is the top of the stack. Sincethe
next interval hasonly onestationsendingan RTS, station ;BA�@ is assignedto the
datatransmissionqueueafter an RTS, a CTS plus a maximumround-triptime.
DuringthesuccessfulRTS/CTSexchange,all otherstationsknow thatstation;BA�@
hasthreepacketsto send. The contentionstependsandstation ;BA�@ beginsthe
transmissionof its datapacketimmediatelyafterit hasreadthepackettransmitted
by the precedinggroup member, which is station ;/@.@ . After two datapackets
plusa maximumround-triptime haselapsed,station ;/@.@ hasonedatapacketleft
while station ;DA�@ hastwo packets.Thenextcontentionstepis alsoa successful
RTS/CTSexchange(Step6 in Fig.1); afteranRTS,aCTSplusamaximumround-
trip time,station;DA.A is addedto thegroupandtheallowedinterval aswell asthe
stackareempty. Theterminationof thetree-splittingalgorithmis reachedwhenthe
backoff stackaswell asthe allowed ID interval is empty. Thedatatransmission
queuecontainsa packetfrom stations;DA.A , ;DA�@ and ;/@.@ . After the last group-
transmissionperiodstations;BA.A and ;6@.@ aredonesendingpacketsandfree the
spacewithin the group. If new packetsarrived at oneof thesestationsthey will
have to requesta spacein the group. Let us assumethat that after termination
of the tree-resolutionperiodno new datapacketsarrive duringthe accessperiod,
therefore,thechannelremainsidle for two channeldelays.Duringthenextqueue-
transmissionperiod,station;DA�@ sendsthelastpacket.Station;BA�@ is removedand
thedatatransmissionqueueis empty. Thechannelremainsidle until anew packet
arrives.TheallowedID interval is ( ;BA.A ,;/@.@ ) andthebackupstackis empty.

F. Handling Hidden Terminals

Handlinghiddenterminalsin ICRMA is moredifficult thanin otherMAC pro-
tocolsbasedon collision avoidancebecauseall stationswhosetransmissionscan
impact oneanothermust agreeon the samestateof the channeland the trans-

missionqueue,ratherthanjust agreeingon allowing a givensenderto transmita
packetwithout interference.

Fullmer andGarcia-Luna-Aceves[6] have demonstratedsufficient conditions
for MACprotocolsbasedonRTS/CTSexchangestoeliminateunwantedcollisions
dueto hiddenterminals.For thecaseof MAC protocolsthatusecarriersensing,
aCTSmustbelongerthanthelengthof anRTS,plusamaximumround-triptime
andprocessingdelays(including radio turn-aroundtimes). Thenet effect of the
CTSlengthsuggestedin [6] is thatof a single-channel,receiver-basedbusy tone
thatforceshiddensourcesto backoff aftertheyareforcedto listento at leastpart
of theCTSsentby a receiverthathasacceptedtheRTSfrom agivensender. Note,
however, that a CTS canbe only partially overheardby a stationafter it sends
a failed RTS, andthereforeit cannotbe usedto convey queueandchannelstate
informationto sendershiddenfrom oneanother.

Considerthecaseof a wirelesslocal areanetwork(WLAN) in which stations
aretrying to communicatewith oneanotherovera singlehop,or througha base
station.In thiscase,eachsenderis in line of sightof theintendedreceiver(another
stationor the basestation)andall stationsshouldagreeon the samestateof a
singletransmissionqueueandthe samestateof the channel.We call this casea
simpleWLAN.

For ICRMA to work correctlyin a simpleWLAN, the basestationis the one
thatshouldsendtheCTSsin oderfor all hiddensendersto hearthatatransmission
requesthasbeengranted. Furthermore,to notify the correctstateof the queue,
thebasestationmustalsosendasecondcontrolpacket,whichwecall thechannel
and queue state packet(CQS) immediatelyafter it sendsa CTS. The CQS has
no lengthrestrictionsrelative to an RTS andcontainsall the informationon the
stateof thequeueandchannelasperceivedby thereceiver. Theminimumchannel
informationneededin a CQSconsistsof the ID of the senderof the successful
RTS.

I I I . AVERAGE NUM BER OF COLLISION RESOLUTION STEPS

In thissection,wepresentupperboundsfor theaveragenumberof stepsneeded
for acollision resolutionalgorithmbasedon deterministictree-splittingalgorithm
to resolve� collisionsin a networkof ; stations,eachhaving a uniqueID. We
assumethat: (a) every stationcan listen to every other station; (b) the channel
introducesno errors,sopacketcollisionsaretheonly sourceof errors;(c) stations
detectsuchcollisionsperfectly;(d) two or moretransmissionsthatoverlapin time
in thechannelmustall bere-transmitted;(e)a packetpropagatesto all stationsin
exactly� seconds[11]; and(f) no failuresoccur.

Becauseeachstationis assignedoneor zeroRTS atanygiventime,stationsin
thenetworkareassignedan“RTS” or an“idle,” dependingon whetheror not they
haveanRTSto send.

As we have described,thereareonly threetypesof collision-resolutionsteps:
idle, success,or collision. EF��;/�7�G denotesthe averagenumberof idle steps,H �I;6�J�G denotestheaveragenumberof collision steps,and K��I;6�J�G �LM� is the
numberof successfulstepsof thecollision-resolutionalgorithmneededto resolve� collisionsin anetworkof ; stations.

Garcesand Garcia-Luna-Aceves [8] obtainedthe following recursive equa-
tionsfor theseaverages,which areobtainedby consideringall possiblecollision-
resolutiontreesresultingfrom allocating� RTSsover ; stations:NPO&Q6R�SUTWV XY Z [�\ ]_^`�a

Z&b ]dc Z�b]�e` b f NgO�h/R�Sji�k�T�lmNgO&n?R7k�Tpo
q6O&Q6R�SUTWV XY Z [�\ ] ^`�a
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S���h� V � S

if
S���nn

if
S���n (1)

Wecannow comparetheaveragenumberof collision-resolutionstepsrequired
in ICRMA with thestepsrequiredin DQRAP [15], whichisacompetitiveprotocol
basedon collision resolution.For this comparison,we assumein ICRMA a cost
of onestepper collision resolutionstepregardlessif the stepwasa collision, a
successor anidle step.Thetotalnumberof stationsfor bothprotocolsis ;GLM8�� ;
therefore,themaximumnumberof stationsthatcancollide is ��LM;mL�8�� . The
averagenumberof stepsneededin DQRAPwascalculatedusingtheequationfor
collision resolutioninterval (CRI) length 
����g�d�� providedin [15] andshown in
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Eq. (2) which is a functionof thenumberof stationcolliding in thepreviousCRI
( � ) andthenumberof mini-slotsperCRI called � :£�O5S!R.¤�T?V ¤ `�a?¥¤ `�a?¥ i�t§¦ t¨l `�a?¥Y © [Dª ] S « b O�¤*imt�T `�a

©¤ ` £�O « R7¤�T5¬
(2)

Becausethenumberof mini-slotsperCRI is � , thetotalnumberof stepsneeded
in DQRAPto solve� collisionsis equalto thenumberof mini-slotsperCRI times
����g�d�� . Fig.2 showsthetotalnumberof stepsneededto resolve� collisionsfor
bothDQRAPandICRMA, when ;GLM8�� . DQRAPwascalculatedusingdifferent
numberof mini-slotsperCRI. Thefigureillustratesthatif thesamemechanismis
usedin ICRMA andDQRAPto detectcollisions,the collision resolutionusedin
ICRMA rendersahigherthroughputthanDQRAPdoes.
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The following two theoremsprovideupperboundson the averagenumberof
idle andcollisionstepsneeded,whichareindependentof thenumberof stationsin
thenetwork.TheAppendixcontainstheproofof thesebounds.

Theorem 1: Forall ;u®§��¯M� , where; is thetotalnumberof stationsin the
networkand � is thenumberof stationscompetingfor aspacein thetransmission
queue,theaveragenumberof idle stepsis boundedby E°�I;6�J�G ²±§��� ¢�¢�³�� .

Theorem 2: Forall ;u®§��¯M� , where; is thetotalnumberof stationsin the
networkand � is thenumberof stationscompetingfor aspacein thetransmission

queue,theaveragenumberof collisionstepsis boundedby
H �I;6�7�� *±���� ¢�¢�³�� 2� .

It follows from thesetwo theoremsandthefact that � successesareneededto
resolve� requestsfor the transmissionqueuethat the total numberof collision-
resolution stepsneededto resolve � RTS collisions is smaller or equal to8´� µ�µ���� 2 � steps. This clearly indicatesthat the type of collision resolution
usedin ICRMA is very efficient. Furthermore,theseboundsareindependentof
the numberof stationsin the network,which we useto providean approximate
throughputanalysis.

IV. THROUGHPUT ANALYSIS

Theanalysisin this sectionusesthesametraffic modelusedby Kleinrock and
Tobagi[11] to analyzeCSMA protocols.It is assumedthat thereis large number
of stations,eachforming a Poissonsourceof RTSs(bothnew andretransmitted).
The aggregatemeangenerationrateof RTSs by all stationsis ¶ RTSs per unit
time. Eachstationhasat mostoneRTS to transmitat anygiven time. With this
model,the averagenumberof RTS arrivals in a time interval � is ¶�� , i.e., ��L¶·� . All datapacketshave a durationof ¸ seconds,and the time to transmita
control packetis ¹ seconds.Both ¹ and ¸ are multiplesof � . The numberof
packetsin amessageis a randomvariable,andtheprobabilitythatamessagewill
completeits transmission(in a givencycle) is givenby º�L @» where ¼ is the
averagenumberof packetsin amessage.Wealsoassumethatthetimeto transition
betweentransmitandreceivestatesis negligible.

Theprobability ½6¾ that a contentionperiodis idle is equalto the probability
thatnopacketsarriveduringtheaccessperiod � , which equals½ ¾ LM¿�À*Á4Â .

Forastationto beaddedto thedatatransmissionqueue,theRTS/CTSexchange
mustbesuccessful,which impliesthattheRTSmustbetheonly onein thechannel
duringits accessperiodandthedatatransmissionqueuemustnot befull. If there
arealready Ã groupmembers,no new membercanbe addedandthe contention
would be skipped(no stationsendsan RTS), until a spacein the datatransmis-
sionqueueis available.Therefore,theprobability ½ > thata stationsendsanRTS
successfullyequalstheprobability thatonly oneRTS packetarrivesduringthe �
secondsof theaccessperiod,thatis, ½6>3LM¶��B¿ À*Á4Â .
Theprobability ½6Ä thatacontentionperiodresultsin anRTScollision is thesame
astheprobabilitythatmorethanonemessagearrivesduringanaccessperiod.This
valuecanbeexpressedas ½6Ä�L�� 2 ½ > 2 ½ ¾ Ls� 2 ¶·�B¿ À*Á4Â 2 ¿ À*Á4Â . Making
useof the upperboundsin Theorems1 and2, the probability that an RTS/CTS
exchangeis successfulafter the tree-splittingalgorithm hasbeenstartedcanbe
approximatedby ½6ÅÇÆ È0�É Ê.Ê.Ë È À @ L Á4Â0�É Ê.Ê.Ë Á4Â�À @ Æ @Ì , where�Í®_8 . It is clear
that ½ Å shouldbe a functionof both the numberof stationsthatstarta roundof
thetree-splittingalgorithm,andthenumberof collision-resolutionstepsthathave
occuredup to the successfulstep. Using an averageoverall stepsin a roundof
collision-resolutionis anapproximationweuseto simplify our analysis.

The statesof the queue-transmissionperiodcanbe representedby a Markov
chain.Thestatesin theMarkovchainrepresenttheprobability Î�Ï that Ð members
are in the datatransmissionqueue. A transitionin the chainoccurswith each
collision-resolutionstep.Thenumberof membersin thedatatransmissionqueue



canonly increaseby one,but candecreaseby up to Ð . This is becauseatmostone
new membercanbeaddedto thedatatransmissionqueuepercollision-resolution
step,but anynumberof memberscanbereleasedfromthedatatransmissionqueue
per step. Fig. 3 shows an examplefor a network that allows at most ÃÑLÒ¢
stationsto be

Ó
membersof the group-transmissionperiod. Transitionsfrom one

stateto the otherhave beenadequatelylabeled,where ÔWLÍ½¨>°<M½ Ä ½6Å andÕ LÖ½ ¾ <u½¨Ä��7� 2 ½ Å  .
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Fig. 3. Markov Chaindefiningthe transitionsfrom onestateto the others.The
given exampleis for a networkthat allows, up to four membersin the data
transmissionqueue.Only asubsetof thetransitionprobabilitiesareshown

Wecangeneralizeourexampleanddefine Ã asthemaximumnumberof mem-
bersin the datatransmissionqueueallowed by the network. If we draw a line
betweenanytwo consecutivestatesof theMarkovchain,thentheflow of thetran-
sitionsgoing in onedirectionhasto be equalto the flow in the otherdirection.
Therefore,for any cut within the Markov chainexcludingthe first and the last
state,i.e., for ��±×Ð}±ØÃ 2 8 ,Ù ©�Ú O�t*i�Û4T © V ÚÝÜ a © a?¥Y Z [?¥ Ù ©�Þ?Z ©�Þ?ZYß [ Z Þ ¥ Û ß O�tàiáÛ4T

©�Þ?Z a ß l
â Ü a © a?¥Y Z [¨¥ Ù ©�Þ¨Z ©�Þ¨ZY ß [ Z Û ß O�t*i�Û4T

©�Þ?Z a ß lÚ Ù Ü ÜYß [ Ü a ©�Þ ¥ Û ß O�t*i�Û4T Ü a ß lgâãÙ Ü ÜYß [ Ü a © Û ß O�t*i�Û4T Ü a ß
(3)

If wedividebothsidesby Ôs�J� 2 º� Ï , theresultisÙ © V Ü a © a?¥Y Z [?¥ Ù ©�Þ?Z�ä ©�Þ?ZYß [ ZåÞ ¥ Û ßO�tài�Û4T ß a Z l âÚ ©�Þ?ZY ß [ Z Û ßOætài!Û�T ß a Z�ç l
Ù Ü ä ÜYß [ Ü a ©�Þ ¥ Û ßO�t*i!Û4T ß ÞB© a Ü l âÚ ÜYß [ Ü a © Û ßO�t*iGÛ�T ß ÞD© a Ü ç (4)

For thecutbetweenÐ°LÖ� and ÐÇL=� theflow equationisÙãè�V âÚ ä ÜY ß [?¥ Ù ß Û ß ç (5)

For thecut betweenÐmL�Ã 2 � and ÐGL�Ã the flow equationchangessincethe
networkcannothold morethan Ã membersin thedatatransmissionqueue.There
is no stateto which to increaseafter Î�é hasbeenreached,in factÙ Ü ay¥ VuÙ Ü ä âÚ O ÜY ß [¨¥ Û ßO�t*i�Û4T ß a?¥ l ÜY ß [Bª Û ßOætài�Û4T ß ay¥ ç (6)

Eqs.(4), (5) and (6), togetherwith the fact that the sumof all probabilitiesê é$5ë A Î $ L�� , form a systemwith ÃU<s� equationswith the samenumberof
unknown variables.Startingwith Î é À @ we canmakeeachof the equationsbea
functionof Î�é . To solvefor Î�é , wecansubstituteeachof thesetermsin theequa-

tion
ê é$5ë A Î $ L=� . Using Î é wecangetavaluefor eachof theremainingprob-

abilities. Î�A is theprobabilitythatthereareno membersin thedatatransmission
queue,while Î é is the probability that the datatransmissionqueuehasreached
full capacity. Î é is importantsinceit representsthefractionof skippedcontention
periods.Transitionsdepartingfrom andreturningto thesamestateareomittedin
theflow equations,sincewhatcomesinto thestateis thesameaswhatgoesoutof

thestate.Thus,theaveragenumberof groupmembersis ì3L ê é$&ë @ �IÎ $ .Theaveragechannelthroughputis equaltoí�V îïãð6l ï�ñàl ò (7)

whereó is theaverageutilizationtimeof thechannel,duringwhichthechannelis
beingusedto transmitdatapackets;ô3Ä is theexpecteddurationof thecontention
period; ô3õ is the expecteddurationof the queue-transmissionperiod; and � is
the averageidle period, i.e., the averageinterval betweentwo consecutive busy
periods.

Becausedatapacketsaresendfreeof collisions, ó equalsontheaveragenum-
berof membersin thedatatransmissionqueue( ì ) times ¸ , which is thetimespent
sendingadatapacket,thatis, î V§ö�÷ (8)

A contentionperiodis skippedif thedatatransmissionqueueis full; otherwise,
if thereis room in the queue,which is the casewith probability � 2 Î�é , a con-
tentionperiodcanbeidle, successful,or have RTS collisions.Thedurationof an
idle contentionperiodis ø $ Lù8�� , the durationof a successfullyRTS/CTSex-
changeperiodis ø/ú�LM8�¹ã<!8�� , andthedurationcollisionperiodis ø/ûÇ±×¹²<á8�� .
Therefore,the durationof the contentionperiod is at most 8�¹G<=8�� when it is
not idle. Accordingly, the averagedurationof a contentionbusy periodcanbe
boundedby ïãðü� f z4ý�þyÿ�l�����O&þ��6l�þyð�T5o�O�t*iGÙ Ü T

(9)

Theaveragequeue-transmissionperiodis equalto theaveragenumberof group
members( ì ) timesthetransmissionperiodfor onepacket( ¸�<u� ); therefore,ï�ñ V ö���O&÷�lmý�T

(10)

If thedatatransmissionqueueis empty, thelengthof theidle periodis givenby
thenextRTSarrival into thechannelplusawaitingperiodof 8�� . In contrast,when
the datatransmissionqueueis not empty, the lengthof the idle periodis limited
by thestartof thenexttransmissionperiod,which is 8�� seconds.Accordingly, we
obtain ò V Ù è�� t	 lgz4ý�
�luO�t*iGÙ è Tæz4ý V t	 Ù è lmz�ý (11)

SubstitutingEqs.(8), (9), (10),and(11) into Eq.(7) theaveragethroughputcan
beboundedas:í
� ö�÷z��?O�t*iGÙ Ü TJO�t*i�� a���� TBlmý,O���iGz�Ù Ü T�lgö�O5÷�lmý�TBl�� è� (12)

Theperformancecomparisonis donefor both low speednetwork( ������� bps)
andhigh speednetwork( � Mbps)with smalldatapacketsof

� ³ bytes(asin ATM
cells)andlongerdatapacketsof ¢���� bytes.We assumethespacingbetweensta-
tions to be the sameanddefinethe diameterof the networkto be ����� ����� Km.,
which is ��� miles.Assumingtheseparameters,thepropagationdelayof thechan-
nel is

� ¢�� s. To accommodatethe useof IP addressesfor destinationandsource,
the minimum sizeof RTSsandCTSsis 8�� bytes. We normalizethe throughput
resultby setting�ULs� anddefiningthefollowing variables



� V ÷ý (normalizeddatapackets)� V � ý (normalizedcontrolpackets) V 	!��ý
(normalizedofferedload) (13)

If wesubstitutethenew normalizedvariablesfrom Eq.(13) into thethroughput
Eqs.(12),weobtainí
� � öz"��O�t6iáÙ Ü TJOætài#� a%$ TBl&��iGz�Ù Ü luO � lut�T�ö*l � è$ (14)
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Fig. 4. Approximatethroughputcomparisonfor ICRMA. Themaximumnumber
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Fig.4 showsthethroughputversusofferedloadgivenby Eq.(14). Weconsider
alow-speednetworkat ������� bps,aswell asahigh-speednetworkat � Mbpsusing
smalldatapackets( ¸UL � ³ bytes)andlarge datapackets( ¸áLs¢���� bytes). The
throughputis for eachof thefour combinations.As theaveragenumberof mem-
bersin thedatatransmissionqueueincreasesdueto increasesin theofferedload,
the throughputof ICRMA reachesa constantthroughputvalue that, approaches
the channelcapacityastherelative overheaddueto propagationdelaysandcon-
trol packetsapproaches� . By takingthelimit as ¶('*) , weobtain

+ , -�/.10 í � 2 ÷z�ý�l 2 O5÷�lmý�T
which clearlyshows that ICRMA’s overheadis very smallat high load. To verify
that the value of 3 approximatedusing the upperboundson averagestepsfor
collision resolutiontimesprovidesa goodlower boundfor any traffic load, we
simulatedICRMA using ��8�µ stationsthatgenerateRTSsaccordingto a Poisson
probabilitydistribution function. Themaximumnumberof membersallowed in
thedatatransmissionqueueÃ wassetto ³ 8 andtheaveragenumberof packetsin
amessagewassetto ¼ Ls��� . Thesimulationsweredonetentimesfor eachgiven�ùL=�B¶ valueto insureconvergence. Theresultsof thesimulationareshown in
Figure4 andindicatethatour analysisprovidesa verygoodlower of theaverage
throughput.

V. COM PARISON WITH AN OPTIM UM TRANSM ISSION QUEUE PROTOCOL

An optimum MAC protocol basedon a distributed transmissionqueueand
RTS/CTShandshakesfor additionsto the transmissionqueuewould requireex-
actly � successfulRTS/CTShandshakesto resolve� requestsfor additionsto
thetransmissionqueue.In thissection,weobtaintheaveragethroughputfor such
anoptimumMACprotocolusingthemodelandresultsderivedin theprevioussec-
tion andshow thatICRMA is indeedverycloseto thebestpossibleperformance.

In termsof our analysisin the previous section,the probability ½ Å that an
RTS/CTSexchangeis successfulin thecontentionperiodwhenspaceis available
in thetransmissionqueueis always � . Therefore,theparametersÔ and

Õ
for the

Markovchain(seeFig.3) becomeÔ LÖ½ > <U½6Ä and
Õ LÖ½ ¾ . All otherparame-

tersin theMarkovchainremainthesame.If therearemultiplestationswith RTSs
atthebeginningof theroundof collisionresolution,it is assumedthattheprotocol
organizesthetransmissionof RTSsin a way thatsuccessis ensuredat eachstep.
Accordingly, thecollision-resolutionstepsfor theoptimumMAC protocolconsist
of successfulRTS/CTSexchangesonly andtheaveragecontentionbusyperiodin
Eq.(9) canberewrittenas:ï ð V f z4ý�þ ÿ l�� � O&þ � l�þ ð T5o�O�t*i!Ù Ü T

(15)

The restof the variablesin Eq. (7) remainunchanged.SubstitutingEqs.(8),
(15), (10),and(11) into Eq. (7) theaveragenormalizedthroughputfor theperfect
protocolcanbewrittenas:í543V � öz"��O�t6i�Ù Ü TJOætài#� a%$ TBl&��iGz�Ù Ü luO � lut�T�ö*l�� è$ (16)
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asfunctionof theoffer load 6 . Themaximumnumberof groupmembersisÃULÖ³ 8 andtheaveragenumberof packetsin amessageis ¼ Ls��� .

Noticethatthethroughputequationsarethesamewith theexceptionthataver-
agenumberof membersin thetransmissionqueue( ì ) aswell as Î é and Î�A are
differentandaredeterminedby theMarkov chain. Theaveragenumberof mem-
bersin the transmissionqueue( ì ) increasesmuchfasterin caseof the optimum
transmission-queueprotocol.

Eq. (16) is an exactvalueof the throughput,not an approximationasfor the
caseof ICRMA, becausewe have usedexactvaluesfor ½6Å andthe durationof
the busyperiod. Fig. 5 shows the ratio of the lower boundof ICRMA’s average
throughputgivenby Eq. (14) to theaveragethroughputobtainedby theoptimum
queueprotocolgivenby Eq. (16) asthe offeredload 6 varies. It is evident that
ICRMA approachesoptimumaverageperformance.ICRMA differsthemostfrom
theoptimumMAC protocolwhentheaveragetransmissionqueuesizeis smalland
requestsfor additionto the queue(RTSs)accumulatein contentionperiods.For
thecaseof a high-speednetworkwith smallpackets,thisoccurswhen 6 is in the
neighborhoodof 0.1,andevenin thiscaseICRMA exhibitsanaveragethroughput
within

���
of theoptimum.WhendatapacketsaremuchlargerthanRTSandCTS,

ICRMA is within � � of theoptimum.

VI . CONCLUSIONS

We have describedandanalyzedICRMA, a new stablemultiple accessproto-
col for broadcastchannelssharedby burstystations.ICRMA dynamicallydivides
thechannelinto cyclesof variablelength;eachcycleconsistsof a contentionpe-
riod andatransmission-queueperiod.Duringthecontentionperiod,astationwith
oneor morepacketsto sendcompetesfor the right to be addedto the transmis-
siongroup;this is doneusingacollision-resolution-splittingalgorithmbasedona
request-to-send/clear-to-send(RTS/CTS)exchangewith carriersensing.

Our analysiswaslimited to fully connectednetworksusinga singlechannel,
andwehavealsosuggestedanapproachto applyICRMA to WLANs with hidden
terminals.Ouranalysisshows thatICRMA provideshigh throughputwheneither
a small or a large numberof stationsneedto accessthe channel. Allowing the



maximumsizeof the datatransmissionqueueto equalthe numberof stationsin
thesystem,ICRMA becomesTDMA in effect whenall stationsneedto transmit.
ICRMA is muchmoreefficient thanDQRAP, which is a representative of prior
efficientprotocolsbasedoncollisionresolution.Furthermore,wehaveshown that
ICRMA exhibits7 near-optimumperformance.In additionto its efficiency, ICRMA
is attractive, becauseit canoperatewith no needfor time slottingasprior MAC
protocolsbasedoncollision resolutiondo.

APPENDIX

Proof of Theorem 1: The initial valuesfor E and
H

up to ; L ¢ are given
in Table I, eachsatisfyingEq. (1). Regardlessof the valueof ; , E°��;/�7�  LÍ� ,E°�I;6���4 6LÖ� and E°��;/�7;? àLÖ� .N

(1,0)= 1
N

(3,2)=
¥8 � 0.886

q
(1,0)= 0

q
(3,2)= 98 � 1.886N

(1,1)= 0
N

(3,3)= 0
�

1.299
q

(1,1)= 0
q

(3,3)= 2N
(2,0)= 1

N
(4,0)= 1

q
(2,0)= 0

q
(4,0)= 0N

(2,1)= 0
N

(4,1)= 0
q

(2,1)= 0
q

(4,1)= 0N
(2,2)= 0

�
0.886

N
(4,2)=

¥8 � 0.886
q

(2,2)= 1
�

1.886
q

(4,2)= 98 � 1.886N
(3,0)= 1

N
(4,3)= 0

�
1.299

q
(3,0)= 0

q
(4,3)= 2

�
3.329N

(3,1)= 0
N

(4,4)= 0
�

1.732
q

(3,1)= 0
q

(4,4)= 3
�

4.772

TABLE I

INITIAL CONDITIONS FOR THE AVERAGE NUM BER OF STEPS

Now we assumethat, for all ¢�±�;Ö±;: andall 8á±���±;< , theconditionsE°�=:*���G }±Ñ��� ¢�¢�³�� aresatisfied,andwe show that the conditionholdsfor allE°�I;6�J�G . Therearethreecasesto considerin Eq. (1) basedon the summation
indices.

Case 1: ��±>: and ��±@? : Then �áLÖ� while <ÇL � . Therefore,N�O5Q6R�SUTS V `Y Z [ è ] ^`�a
Z b ] c Z b] e` b f NgO�h/R�SsiGk�T�lmNgO&n?RJk�Tpo

(17)

Extractingthe first two andthe last two elementsfrom the summation(i.e., the
elementswith �¨L ���.���7� 2 ���J� ) andnotingthat E°�=:*�.�4 /L E°�A?à�.�� 6LM� , andE°�=:*���  6L E}�B?*�I�  *L�� , weobtainN�O&Q/R�SFTWV `�aBªY Z [Bª ]§^`�a

Z b ].c Z�b]�e` b f NgO�h/R�SsiGk�T�lmNgO&n?RJk�T�o�l]�^` b ].c è b]´e` b f NmOIh6R�SUTBl�t7o l ]_^`�a?¥ b ].c ¥ b]´e` b NgO�h/R�Ssiut|T�l].^ ¥ b ]Øc`�a?¥ b] e` b NgO&n?R7Ssimt�T�l ].^ è b ] c` b] e` b f t¨lmNgO&n?RJSFT�o
(18)

BecauseE°�C:����G ²±��·� ¢�¢�³�� and E°�A?à���� �±§��� ¢�¢�³�� , weobtainN�O&Q/R�SFT � ��D �/�/E�S `Y Z [ è ] ^`�a
Z b ] c Z b]�e` b l ] ^` b ] c è b]·e` b i

��D �/�/E ]_^`�ay¥ b ].c ¥ b] e` b i ��D �/�/E ]d^ ¥ b ] c`�a?¥ b] e` b l ].^ è b ] c` b] e` b (19)

Foranybinomialcoefficient,
]GF Ï b L F À Ï ( @Ï ]
FÏ À @ b . Therefore,noticingthat the

sumfrom Eq.(19) equalsone,wehaveN�O&Q/R�SFT � ��D �/�/E�S_l hUi ��D �/�/E�SÇn3lut*i!SS ]_^`�a?¥ b]·e` b ln°i ��D �H�/E�SUh3lut*i!SS ]Øc`�a?¥ b] e` b (20)

For the equationEF��;/���G }± �·� ¢�¢�³�� to be true, the last two termsin Eq. (20)
mustbezeroor negative. If ; is even,then :�LI? andN O&Q/R�SFT�� ��D �/�/E�S_l O�z²i ��D J/J�K SFT�h�luOIz�imz�SFTS ]_^`�a?¥ b] e` b (21)

Because� ¯ ³ , :*��8 2 ��� µ�µ����G 6< ��8 2 8��� &L�� ; therefore, E°�I;6���G g±��� ¢�¢�³�� . If ; is odd,then ?GLM: 2 � ; accordingly, wehaveN O&Q6R�SUT � ��D �/�/E�S_l h/O�t*i ��D �H�/E�SUT lut*i ��D N/N/O SS ]Ø^`�a?¥ b]´e` b lh6Oætài ��D �/�/E�SFT·iGSS ]Øc`�ay¥ b] e` b (22)

Because��¯§³ , :��7� 2 ��� ¢�¢�³��G J< � 2 ��� ����P �Ý±_� and :*�7� 2 �·� ¢�¢�³��� 2 ��±§� ;
therefore,our assumptionthat EF��;/���G ±���� ¢�¢�³�� is correctfor any ; andany� ¯Ø� .
Case 2: � ±;: and � ¯Q? : Then �mLs� while <áL�? and ; canonly beodd.
Furthermore, :uLs� and ?�L=� 2 � , while ;�LÑ8�� 2 � . Extractingthefirst
termin thesummationin Eq.(1) weobtainNPO&Q6R�SUT6V cY Z [¨¥ ]�^`�a

Z b ].c Z b] e` b f NgO�h/R�Ssi�k�T�lgNmO5n?R7k�T5o l ]�^` b ].c è b] e` b (23)

where several terms have been eliminated since they equal zero. BecauseE°�I�m��� 2 �� �±§��� ¢�¢�³��I� 2 �� and E°�I� 2 ������ ²±§��� ¢�¢�³�� , weobtainNPO&Q6R�SUT*� cY Z [¨¥ ]§^`�a
Z b ].c Z b]�e` b f ��D �/�/E O5SMiGk�T�l ��D �/�/E4k5o4l ]�^` b ].c è b] e` b V ��D �/�/E�S

(24)

WeconcludethatourassumptionE°�I;6�J�G ²±��·� ¢�¢�³�� is correctfor any ; andall� ¯Ø� .
Case 3: � ¯R: and � ¯S? : Then �ØL � 2 : while <§LT? . Onceagain,
weextractandevaluatethelastmemberof thesummationin Eq.(1) aswell assetE°�=:*��� 2 �� *±_��� ¢�¢�³���� 2 �� and E°�A?*���� �±§��� ¢�¢�³�� . Therefore,weobtainN�O5Q6R�SUT6V ��D �H�/E�SMi ��D �/�/E�n ]�^`�a c b ] c` b]´e` b � ��D �H�/E�S (25)

WeconcludethatourassumptionE°�I;6�J�G ²±��·� ¢�¢�³�� is correctfor any ; andall� ¯Ø� . Therefore,for all � ¯×8 andanyvalueof ; , E°�I;6���� �±§��� ¢�¢�³�� . U
Proof of Theorem 2: Accordingto Eq.(1), the

H �I;6�J�G canbeexpressedasqyO&Q/R�SFT/V XY Z [�\ ]§^`�a
Z b ]dc Z b]�e` b f qÇO�h/R�Ssi!k�T�láq°O&n?R�k�TBlutJo

(26)

Case 1: �Í±V: and �Í±>? : Then �!LM� while <ULM� . Let usseparatethefirst
two andthelasttwo termsfrom thesummationandevaluatethem,ourexpression
becomesq?O&Q/R�SFTWV `�aBªY Z [Bª ]§^`�a

Z b ].c Z b]�e` b f qÇO&h/R7Ssi!k�T�láq°O&n?R�k�TBlutJo�l]�^` b ]�c è b]´e` b f q3O�h/R�SFTDlutJo�l ]_^`�a?¥ b ]dc ¥ b]�e` b f q3O�h/R�Ssimt�T�lutJo l].^ ¥ b ]Øc`�a?¥ b] e` b f q3O&n?R7Ssiut�T�lutJo�l ].^ è b ] c` b] e` b f q3O&n?R7SUTBlutJo
(27)



Following theprocedureintroducedin theproof of Theorem1, we cansubstituteH �A?*���� and
H �B:*�7�� by ��� ¢�¢�³�� 2 � . We thenproceedto collectthemissingterms

from thesummationandarriveat thefollowing expression:q?O&Q6R�SUT � t D �/�HE�SMimtàl ]�^` b] e` b imt D �/�/E4n ]_^`�ay¥
b]´e` b i�t D �/�/E�h ]�c`�a?¥ b]´e` b l ] c` b]�e` b

(28)

Which canbe simplifiedusingthe binomialcoefficient identity introducedin the
proofof Theorem1 toqyO&Q/R�SFT � t D �/�/E4SMiut6l hUiut D �/�HE�S°n�lut*i�SS ]M^`�a?¥ b]´e` b lnUiut D �/�HE�SUh�lut�i!SS ]Øc`�ay¥ b] e` b

(29)

Assumethat ; is even,then :mLI?GL F 0 andq?O&Q6R�SUT*� E z imt6lmz h/O�tàigt D �/�/E�SFT´luO�t*i�SFTS ]M^`�a?¥ b] e` b �§t D �/�/E�SMi�t (30)

Ontheotherhand,if ; is odd,then ?�L�: 2 � , andq6O&Q/R�SFT � t D �/�HE�SMiut¨l n?O�tàiut D �/�HE�SUT l�O�z�iáSFTS ]_^`�a?¥ b]�e` b lh/O�t*imt D �H�/E�SUT�i�SS ] c`�a?¥ b] e` b �§t D �/�/E�SMi�t (31)

Therefore,
H �I;6�J�G ²±Ø��� ¢�¢�³�� 2 � for any ; andall ��¯M� .

Case 2: � ±�: and ��¯Q? : Then �mL=� while <�L�? and ; canonly beodd.
Furthermore, :�L=� and ?mL�� 2 � , while ;mLs8�� 2 � . Substitutingall this
in Eq. (1), weobtainq6O&Q/R�SFT V c a?¥Y Z [Bª ]§^`�a

Z b ].c Z bS ]�e` b f q3OIh6R�Ssi!k�TDláq3O&n?R7k�T�lutJo l] ^` b ].c è bS ] e` b f q3O�h/R�SFTDlutJo�l ]M^`�a?¥ b ]�c ¥ bS ] e` b f q3O�h/R�Ssi�t�T�lutJo�l] ^`�a c b ] cc bS ] e` b f q3O�h/R�Ssi!nBTBl�n´o
(32)

From our inductionassumption,for all : and ?WLÝ; ,
H �C:*���� á±���� ¢�¢�³�� 2 � ,H �A?*���� �±Ñ��� ¢�¢�³�� 2 � , andfrom thebinomialcoefficient propertyintroducedin

theproofof Theorem1, wecansimplify theaboveequationto obtainq6O&Q/R�SFT � t D �/�/E4SMiut6l hUi ��D �/�/E�n�lut*i�SS ]M^`�a?¥ b]´e` b iut D �/�HE�n ]�^`�a c b]´e` b
(33)

Because�Í±X: and � ¯>? , ; canonly beoddand :�L=� , while ?�LW: 2 � .
Accordingly, wehaveq?O&Q6R�SUT � t D �/�HE�SMimtàl t D �/�/E*i ��D �/�/E�SS ]M^`�a?¥ b] e` b luO�t*imt D �H�/E�SUT ]�^`�a c b] e` b� t D �/�HE�SMimt (34)

Weconcludethat,for any ; andall ��¯M� , H ��;/�7�� �±M��� ¢�¢�³�� 2 � is correct.

Case 3: � ¯V: and �Í¯>? : Then ��LÖ� 2 : while <ULX? . Therefore,Eq. (1)
canbewrittenas,q6O&Q6R�SUT?V cYZ [?`�a ^ ]�^`�a

Zåb ]dc Z�b]�e` b f q3O�h/R�SsiGk�T�láq3O&n?RJk�T�lutJo
(35)

Noticethattermswith �6LÖ� donot appearin theequation.Thesmallestvaluefor� is � . Because
H �A?*�.�4 3L H �=:*�.�4 3L � , it is true that

H �A?à�.�� 3L H �=:*�.�4 °±��� ¢�¢�³�� 2 � ; therefore,q6O&Q6R�SUT � c a?¥YZ [¨`�a ^ ] ^`�a
Z b ] c Z b]�e` b f t D �/�HE´O&SMi�k�TDimt6lut D �H�/E�k�imt6lutJo l] ^`�a c b ] cc b]�e` b f t D �/�/E�SMi�t D �/�/E4n imtàl�n´oV t D �HE/E�SMiutài ��D �H�/E�n ]�^`�a c b]´e` b �§t D �/�/E�SMi�t (36)

Weconcludethat
H �I;6�J�G ²±M��� ¢�¢�³�� 2 � is correctfor any ; andall ��¯M� for

all thecases.U
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